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Abstract
By applying the p-adic q-Volkenborn Integrals including the bosonic and the fermionic
p-adic integrals on p-adic integers, we define generating functions, attached to the Dirichlet
character, for the generalized Apostol-Bernoulli numbers and polynomials, the generalized
Apostol-Euler numbers and polynomials, generalized Apostol-Daehee numbers and polyno-
mials, and also generalized Apostol-Changhee numbers and polynomials. We investigate
some properties of these numbers and polynomials with their generating functions. By using
these generating functions and their functional equation, we give some identities and rela-
tions including the generalized Apostol-Daehee and Apostol-Changhee numbers and poly-
nomials, the Stirling numbers, the Bernoulli numbers of the second kind, Frobenious-Euler
polynomials, the generalized Bernoulli numbers and the generalized Euler numbers and the
Frobenious-Euler polynomials. By using the bosonic and the fermionic p-adic integrals, we
derive integral represantations for the generalized Apostol-type Daehee numbers and the
generalized Apostol-type Changhee numbers.
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30C15.
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Bernoulli numbers and polynomials, the generalized Apostol-Euler numbers and polyno-
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numbers and polynomials, Stirling numbers, Frobenious-Euler polynomials, Generating func-
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1. Introduction
In recent years, special numbers and polynomials have played role in almost all areas of
mathematics, in mathematical physics, in computer science, in engineering problems and in
other areas of science. There are many different methods and techniques for investigating
and examining the special numbers and polynomials including the Bernoulli numbers and
polynomials, the Euler numbers and polynomials, the Stirling numbers and the Apostol-type
numbers and polynomials, the Frobenious-Euler polynomials and others. The main motiva-
tion of this paper is to construct generating functions for new families of numbers and poly-
nomials including genearlized Apostol-Daehee numbers and genearlized Apostol-Changhee
numbers attached to Dirichlet character χ. For constructing these functions, we can use the
p-adic q-Volkenborn integrals techniques including integral equations of the bosonic and the
fermionic p-adic integrals on p-adic integers. These numbers and polynomials are related to
well-known numbers and polynomials such as the generalized Bernoulli and Euler numbers
and polynomials, the Apostol-Bernoulli numbers and polynomials and the Apostol-Euler
numbers and polynomials, the Stirling numbers of the first and of the second kind, the Dae-
hee numbers and polynomials and also the Changhee numbers and polynomials. By using
the integral equations of the bosonic and the fermionic p-adic integrals and generating func-
tions, we give some integal formulas and identities including the Lah numbers, the falling
and rising factorials, the well-known special numbers and polynomials and combinatorial
sums.
Throughout of this paper we need the following notations, definitions and some families
of the special numbers and polynomials.
The Apostol-Bernoulli polynomials, Bn(x;λ) are defined by means of the following gener-
ating function:
FA(t, x;λ) =
t
λet − 1
etx =
∞∑
n=0
Bn(x;λ)
tn
n!
, (1.1)
where λ is a complex number and (|t| < 2pi when λ = 1 and |t| < |log λ| when λ 6= 1) with
Bn(λ) = Bn(0;λ)
denotes so-called λ-Bernoulli numbers (cf. [25], [12], [35], [38], [51], [52]; see also the refer-
ences cited in each of these earlier works). Observe that
Bn = Bn(0; 1)
denotes the Bernoulli polynomials of the first kind (cf. [2]-[55]; see also the references cited
in each of these earlier works).
Kim et al. [32] defined the λ-Bernoulli polynomials (Apostol-type Bernoulli polynomials),
Bn(x;λ) by means of the following generating function:
FB(t, x;λ) =
log λ+ t
λet − 1
etx =
∞∑
n=0
Bn(x;λ)
tn
n!
(1.2)
(|t| < 2pi when λ = 1 and |t| < |log λ| when λ 6= 1) with
Bn(λ) = Bn(0;λ
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denotes the λ-Bernoulli numbers (Apostol-type Bernoulli numbers) (cf. [32], [14], [52], [45],
[50]). A few of the λ-Bernoulli numbers are given as follows:
B0(λ) =
log λ
λ− 1
,
and
B1(λ) =
λ− 1− λ log λ
(λ− 1)2
.
If n > 1, than we have
Bn(λ) = λ (Bn(λ) + 1)
n
.
Kim et al. gave a relation between these numbers and the Frobenius-Euler numbers [32,
Theorem 1, p. 439] as follows:
B0(λ) =
log λ
λ− 1
H0
(
1
λ
)
and
Bn(λ) =
log λ
λ− 1
Hn
(
1
λ
)
+
n
λ− 1
Hn−1
(
1
λ
)
where Hn
(
1
λ
)
denotes the Frobenius-Euler numbers, defined by means of the following gen-
erating function:
Let u be a complex numbers with u 6= 1.
Ff(t, u) =
1− u
et − u
=
∞∑
n=0
Hn(u)
tn
n!
(1.3)
(cf. [21], [32, Theorem 1, p. 439], [44], [52]; see also the references cited in each of these
earlier works).
Let r be a positive integer, and let λ 6= 1 be any nontrivial r-th root of 1. Observe that the
λ-Bernoulli numbers are reduced to the Apostol-Bernoulli numbers and the twisted Bernoulli
numbers ( cf. [32, Theorem 1, p. 439]; see also the references cited in each of these earlier
works).
We [49] gave the following functional equation:
FB(t, 0;λ) =
log λ
λ− 1
Ff
(
t,
1
λ
)
+ FA(t, 0;λ).
By using the above functional equation, we have
Bn(λ) =
log λ
λ− 1
Hn
(
1
λ
)
+ Bn(λ)
(cf. [49]).
Let χ be a non-trivial Dirichlet character with conductor d. Let λ be a complex num-
ber. The generalized Apostol-Bernoulli numbers attached to Dirichlet character, Bn,χ(λ) are
defined by means of the following generating function:
d−1∑
j=0
λjetjtχ(j)
λdetd − 1
=
∞∑
n=0
Bn,χ(λ)
tn
n!
, (1.4)
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where |t+ log λ| < 2pi
d
(cf. [1], [22], [27], [26], [42], [52]; see also the references cited in each
of these earlier works).
By combining (1.4) with (1.1), we have
Bn,χ(λ) = d
n−1
d−1∑
j=0
λjχ(j)Bn
(
j
d
;λp
)
for the trivial character χ ≡ 1, we have
Bn(λ) = Bn,1(λ)
(cf. [1], [22], [27], [26], [42], [52]).
The Apostol-Euler polynomials of first kind, En(x, λ) are defined by means of the following
generating function:
FP1(t, x; k, λ) =
2
λet + 1
etx =
∞∑
n=0
En(x, λ)
tn
n!
, (1.5)
(|t| < pi when λ = 1 and |t| < |ln (−λ)| when λ 6= 1), λ ∈ C. Substituting x = 0 into (1.5),
we have The first kind Apostol-Euler numbers of order k:
En(λ) = En(0, λ)
Setting λ = 1 into (1.5), one has the first kind Euler numbers
En = E
(1)
n (1)
(cf. [2]-[54]; see also the references cited in each of these earlier works).
Let χ be a non-trivial Dirichlet character with conductor d. Let λ be a complex number.
The generalized Apostol-Euler numbers attached to Dirichlet character, En,χ(x, λ) are defined
by means of the following generating function:
2
d−1∑
j=0
λjetjχ(j)
λdetd + 1
=
∞∑
n=0
En,χ(λ)
tn
n!
(1.6)
where |t + log λ| < pi
d
(cf. [27], [26], [52]; see also the references cited in each of these earlier
works).
By combining (1.6) with (1.5), we have
En,χ(λ) = d
n
d−1∑
j=0
λjχ(j)En
(
j
d
;λp
)
for the trivial character χ ≡ 1, we have
En(λ) = En,1(λ)
(cf. [27], [26], [52]).
The Stirling numbers of the first kind, S1(n, k) are defined by means of the following
generating function:
FS1(t, k) =
(log(1 + t))k
k!
=
∞∑
n=0
S1(n, k)
tn
n!
. (1.7)
Analysis of the p-adic q-Volkenborn Integrals... 5
These numbers have the following properties:
S1(0, 0) = 1. S1(0, k) = 0 if k > 0. S1(n, 0) = 0 if n > 0. S1(n, k) = 0 if k > n and also
S1(n+ 1, k) = −nS1(n, k) + S1(n, k − 1)
(cf. [6], [2], [5], [41], [47], [48]; and see also the references cited in each of these earlier works).
The Bernoulli polynomials of the second kind, bn(x) are defined by means of the following
generating function:
Fb2(t, x) =
t
log(1 + t)
(1 + t)x =
∞∑
n=0
bn(x)
tn
n!
(1.8)
(cf. [41, PP. 113-117]; see also the references cited in each of these earlier works).
The Bernoulli numbers of the second kind bn(0) are defined by means of the following
generating function:
Fb2(t) =
t
log(1 + t)
=
∞∑
n=0
bn(0)
tn
n!
. (1.9)
These numbers are computed by the following formula:
n−1∑
k=0
(−1)k
(
n
k
)
bk(0) = n!δn,1,
where δn,1 denotes the Kronecker delta (cf. [41, p. 116]). The Bernoulli polynomials of the
second kind are defined by
bn(x) =
∫ x+1
x
(u)ndu.
Substituting x = 0 into the above equation, one has
bn(0) =
∫ 1
0
(u)ndu.
The numbers bn(0) are also so-called the Cauchy numbers (cf. [41, p. 116], [33], [17], [39],
[49], [41]; see also the references cited in each of these earlier works). In [31], Kim et al.
gave a computation method for the Bernoulli polynomials of the second kind are defined as
follows:
bn(x) =
n∑
l=0
S1(n, l)
l + 1
(
(x+ 1)l+1 − xl+1
)
and also Roman [41, p.115] gave
bn(x) = bn(0) +
n∑
l=1
nS1(n− l, l − 1)
l
xl.
By using the above formula for the Bernoulli polynomials and numbers of the second kind,
few of these numbers are computed as follows, respectively:
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b0(x) = 1,
b1(x) =
1
2
(2x+ 1),
b2(x) =
1
6
(6x2 − 1),
b3(x) =
1
4
(4x3 − 6x21),
b4(x) =
1
30
(30x4 − 120x3 + 120x2 − 19), . . .
and
b0(0) = 1, b1(0) =
1
2
, b2(0) = −
1
12
, b3(0) =
1
24
, b4(0) = −
19
720
, . . . .
In [47], Simsek defined the λ-array polynomials Snv (x;λ) by the following generating func-
tion:
FA(t, x, v;λ) =
(λet − 1)
v
v!
etx =
∞∑
n=0
Snv (x;λ)
tn
n!
, (1.10)
where v ∈ N0 and λ ∈ C (cf. [2], [5], [47], [48]; and see also the references cited in each of
these earlier works).
The λ-Stirling numbers, S2(n, v;λ) are defined by means of the following generating func-
tion:
FS(t, v;λ) =
(λet − 1)
v
v!
=
∞∑
n=0
S2(n, v;λ)
tn
n!
, (1.11)
where v ∈ N0 and λ ∈ C (cf. [35], [47], [51]; see also the references cited in each of these
earlier works). By using (1.11), one easily compute the following values for S2(n, v;λ):
S2(0, 0;λ) = 1, S2(1, 0;λ) = 0, S2(1, 1;λ) = λ, S2(2, 0;λ) = 0, S2(2, 1;λ) = λ, . . .
and
S2(0, v;λ) =
(λ− 1)v
v!
.
Substituting λ = 1 into (1.11), then we get the Stirling numbers of the second kind
S2(n, v) = S2(n, v; 1).
(cf. [6]-[54]; see also the references cited in each of these earlier works).
2. Genearlized Apostol-Daehee numbers attached to Dirichlet character χ
In this section, by using the bosonic p-adic integral on Zp, we construct generating func-
tions for the genearlized Apostol-Daehee numbers attached to Dirichlet character χ. We give
relations between these numbers, the λ-Bernoulli numbers and the Stirling numbers. We also
give bosonic integral represantation of these numbers. Firstly we give some standart nota-
tions for the Volkenborn integral. Let Zp be a set of p-adic integers. Let K be a field with
a complete valuation and C1(Zp → K) be a set of continuous derivative functions. That is
C1(Zp → K) is contained in
{
f : X→ K : f(x) is differentiable and d
dx
f(x) is continuous
}
.
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Definition 1. ([43, p. 167-Definition 55.1])The Volkenborn integral of f ∈ C1(Zp → K) is∫
Zp
f (x) dµ1 (x) = lim
N→∞
1
pN
pN−1∑
x=0
f (x) . (2.1)
We observe that µ1 (x) = µ1
(
x+ pNZp
)
is a Haar distrubition, defined by
µ1
(
x+ pNZp
)
=
1
pN
(cf. [43], [23]; see also the references cited in each of these earlier works). In work of Kim
[23], the Volkenborn integral is also so-called the bosonic p-adic Volkenborn integral on Zp.
We recall some properties of this integral as follows:
The Volkenborn integral in terms of the Mahler coefficients is given by the following
formula: ∫
Zp
f (x) dµ1 (x) =
∞∑
n=0
(−1)n
n+ 1
an,
where
f (x) =
∞∑
n=0
an
(
x
j
)
∈ C1(Zp → K)
(cf. [43, p. 168-Proposition 55.3]). Let f : Zp → K be an analytic function and f (x) =
∞∑
n=0
anx
n with x ∈ Zp. The Volkenborn integral of this analytic function analytic function is
given by ∫
Zp
(
∞∑
n=0
anx
n
)
dµ1 (x) =
∞∑
n=0
an
∫
Zp
xndµ1 (x)
(cf. [43, p. 168-Proposition 55.4]).
The following property is very important to our new results on special numbers:∫
Zp
f(x+m)dµ1 (x) =
∫
Zp
f(x)dµ1 (x) +
m−1∑
x=0
d
dx
f(x) (2.2)
(cf. [23], [25], [43], [56]; see also the references cited in each of these earlier works).
The p-adic q-Volkenborn integral was defined by Kim [23]. Here p is a fixed prime. The
distribution on Zp is given by
µq(x+ p
N
Zp) =
qx
[pN ]q
,
where q ∈ Cp with | 1−q |p< 1 (cf. [23]). The p-adic q-integral of a function f ∈ C
1(Zp → K)
is defined by Kim [23] as follows:∫
Zp
f(x)dµq(x) = lim
N→∞
1
[pN ]q
pN−1∑
x=0
f(x)qx,
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where
[x] = [x : q] =
{
1−qx
1−q
, q 6= 1
x, q = 1
.
Observe that
lim
q→1
[x : q] = x.
The Witt’s formula for the Bernoulli numbers and polynomials are given as follows, re-
spectively ∫
Zp
xndµ1 (x) = Bn (2.3)
and ∫
Zp
(z + x)n dµ1 (x) = Bn(z) (2.4)
(cf. [23], [25], [43]; see also the references cited in each of these earlier works).
Let f ∈ C1(Zp → K) and
Edf(x) = f(x+ d).
Kim [27, Theorem 1] defined the following functional equation for the fermionic p-adic
Volkenborn integral on Zp as follows:
qn
∫
Zp
Edf (x) dµq (x)−
∫
Zp
f (x) dµq (x) =
q − 1
log q
(
n−1∑
j=0
qjf
′
(j) + log q
n−1∑
j=0
qjf(j)
)
, (2.5)
where n is a positive integer and
f
′
(j) =
d
dx
f(x) |x=j .
Theorem 1. ∫
Zp
(
x
j
)
dµ1 (x) =
(−1)j
j + 1
. (2.6)
Theorem 1 was proved by Schikhof [43].
Let χ be a non-trivial Dirichlet character with conductor d. Let λ be a complex number.
We set
f(x, t;λ) = λx(1 + λt)xχ(x). (2.7)
Substituting (2.7) into (2.5), we get∫
Zp
λx(1 + λt)xχ(x)dµq (x) =
q − 1
log q
(
(λq)d (1 + λt)d − 1
) d−1∑
j=0
(λq)j (1 + λt)jχ(j) log
(
λ+ λ2t
)
+
q − 1
(λq)d (1 + λt)d − 1
d−1∑
j=0
(λq)j (1 + λt)jχ(j). (2.8)
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From the above integral equation, we define the following generating function for genearl-
ized Apostol-Daehee numbers attached to Dirichlet character χ with conductor d as follows:
FD(t; q, λ, χ) =
(q − 1) log
(
λ+ λ2t
)
+ (q − 1) log q
log q
d−1∑
j=0
(λq)j (1 + λt)jχ(j)
(λq(1 + λt))d − 1
or
FD(t; q, λ, χ) =
∞∑
n=0
Dn,χ(λ, q)
tn
n!
. (2.9)
The generalized Apostol-Daehee polynomials attached to Dirichlet character χ are defined
by means of the following generating function:(2.9)
FD(z, t; q, λ, χ) = FD(t; q, λ, χ)(1 + λt)
z =
∞∑
n=0
Dn,χ(z;λ, q)
tn
n!
. (2.10)
We assume that |λt| < 1. Combining the above function with (2.9), we have
∞∑
n=0
Dn,χ(z;λ, q)
tn
n!
=
∞∑
n=0
(
z
n
)
λn
tn
n!
∞∑
n=0
Dn,χ(λ, q)
tn
n!
.
Therefore
∞∑
n=0
Dn,χ(z;λ, q)
tn
n!
=
∞∑
n=0
n∑
j=0
(
n
j
)
λn−j(z)n−jDj,χ(λ, q)
tn
n!
.
Comparing the coefficients of t
m
m!
on both sides of the above equation, we arrive at the
following theorem:
Theorem 2. Let n ∈ N0. Then we have
Dn,χ(z;λ, q) =
n∑
j=0
(
n
j
)
λn−j(z)n−jDj,χ(λ, q).
Remark 1. If q → 1 and λ→ 1 and χ ≡ 1, then (2.10) reduces to
log (1 + t)
t
(1 + t)z =
∞∑
n=0
Dn(z)
tn
n!
(cf. [19], [20], [24], [49], [45]).
We modify (2.9) as follows:
FD(t; q, λ, χ) =
(
(q − 1) log λ
log q
+ q − 1
)
Fb2(λt)
dλt
d−1∑
j=0
(λq)j χ(j)FA
(
d log (1 + λt) ,
j
d
; (λq)d
)
+
(q − 1)
d log q
d−1∑
j=0
(λq)j χ(j)FA
(
d log (1 + λt) ,
j
d
; (λq)d
)
.
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Combining the above functional equation with (1.1) and (1.9), we get
∞∑
m=0
mDm−1,χ(λ, q)
tm
m!
=
(
(q − 1) log λ
log q
+ q − 1
) ∞∑
m=0
d−1∑
j=0
qjχ(j)
m∑
l=0
(
m
l
)
λm+j−l−1bm−j(0)
×
l∑
n=0
dn−1Bn
(
j
d
; (λq)d
)
S1(l, n)
tm
m!
+
q − 1
log q
∞∑
m=0
m
d−1∑
j=0
(λq)j χ(j)
m−1∑
n=0
dn−1Bn
(
j
d
; (λq)d
)
S1(m− 1, n)
tm
m!
.
Comparing the coe cients of t
m
m!
on both sides of the above equation, we arrive at the following
theorem:
Theorem 3. Let m ∈ N. Then we have
Dm−1,χ(λ, q) =
(
(q − 1) log λ
log qm
+
q − 1
m
) d−1∑
j=0
qjχ(j)
m∑
l=0
(
m
l
)
λm+j−l−1bm−l(0)
×
l∑
n=0
dn−1Bn
(
j
d
; (λq)d
)
S1(l, n) (2.11)
+
q − 1
log q
d−1∑
j=0
(λq)j χ(j)
m−1∑
n=0
dn−1Bn
(
j
d
; (λq)d
)
S1(m− 1, n).
If q → 1 in (2.11), we get the following corollary:
Corollary 1. Let m ∈ N. Then we have
Dm−1,χ(λ) =
log λ
m
d−1∑
j=0
χ(j)
m∑
l=0
(
m
l
)
λm+j−l−1bm−l(0) (2.12)
×
l∑
n=0
dn−1Bn
(
j
d
;λd
)
S1(l, n) +
d−1∑
j=0
λjχ(j)
×
m−1∑
n=0
dn−1Bn
(
j
d
;λd
)
S1(m− 1, n).
If λ = 1, we get the following corollary:
Corollary 2. Let m ∈ N0. Then we have
Dm,χ =
d−1∑
j=0
χ(j)
m∑
n=0
dn−1Bn
(
j
d
)
S1(m,n). (2.13)
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By combining (2.13) with the following well-known formula for the generalized Bernoulli
numbers
Bn,χ = d
n−1
d−1∑
j=0
χ(j)Bn
(
j
d
)
,
we arrive at the following result.
Corollary 3. Let m ∈ N. Then we have
Dm,χ =
m∑
n=0
Bn,χS1(m,n). (2.14)
Assume that |λt| < 1. Combining (2.8) with (2.9), we get
∞∑
n=0

∫
Zp
(x)nλ
x+nχ(x)dµq (x)

 tn
n!
=
∞∑
n=0
Dn,χ(λ, q)
tn
n!
Comparing the coefficients of t
n
n!
on both sides of the above equation, we arrive at the following
theorem:
Theorem 4. Let n ∈ N0. Then we have
Dn,χ(λ, q) =
∫
Zp
(x)nλ
x+nχ(x)dµq (x) . (2.15)
We define genearlized Apostol-Daehee polynomials attached to Dirichlet character χ with
conductor d as follows:
G(t, x; q, λ, χ) = (1 + λt)xFD(t; q, λ, χ) =
∞∑
n=0
Dn,χ(x;λ, q)
tn
n!
.
From this equation, we get the following theorem:
Theorem 5. Let n ∈ N0. Then we have
Dn,χ(x;λ, q) =
n∑
j=0
(
n
j
)
λj(x)jDn−j,χ(λ, q).
Substituting λt = et − 1 into (2.9), we get
(q − 1) (log λ+ t) + (q − 1) log q
log q
d−1∑
j=0
(λq)j etjχ(j)
(λq)d etd − 1
=
∞∑
n=0
Dn,χ(λ, q)
λn
(et − 1)
n
n!
.
By substituting (1.11) into the above equation,
(q − 1) (log λ+ log q + t)
log q
d−1∑
j=0
(λq)j etjχ(j)
(λq)d etd − 1
=
∞∑
n=0
Dn,χ(λ, q)
λn
∞∑
m=0
S2(m,n)
tm
m!
. (2.16)
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Since S2(m,n) = 0 if n > m, we get
∞∑
m=0
m
m−1∑
n=0
Dn,χ(λ, q)S2(m− 1, n)
λn
tm
m!
=
∞∑
m=0
mdm−1
q − 1
log q
log (λq)
d−1∑
j=0
(λq)j χ(j)Bn
(
j
d
; (λq)d
)
tm
m!
+
∞∑
m=0
dm−1
q − 1
m log q
d−1∑
j=0
(λq)j χ(j)Bn
(
j
d
; (λq)d
)
tm
m!
.
Comparing the coefficients of t
m
m!
on both sides of the above equation, we arrive at the
following theorem:
Theorem 6. Let Let m ∈ N. Then we have
m−1∑
n=0
Dn,χ(λ, q)S2(m− 1, n)
λn
=
dm−1 (q − 1) log (λq)
log q
d−1∑
j=0
(λq)j χ(j)Bm−1
(
j
d
; (λq)d
)
+
(q − 1) dm−1
m log q
d−1∑
j=0
(λq)j χ(j)Bm
(
j
d
; (λq)d
)
. (2.17)
If λ = 1 and q → 1 in (2.17), we get the following corollary:
Corollary 4. Let m ∈ N. Then we have
m∑
n=0
Dn,χS2(m,n) = d
m−1
d−1∑
j=0
χ(j)Bm
(
j
d
)
or
Bm,χ =
m∑
n=0
Dn,χS2(m,n).
By using (2.16) with S2(m,n) = 0 if n > m, we get
(q − 1) (log λ+ log q + t)(
λdqd − 1
)
log q
d−1∑
j=0
(λq)j etjχ(j)
(
1− 1
λdqd
)
etd − 1
λdqd
=
∞∑
m=0
m∑
n=0
Dn,χ(λ, q)S2(m,n)
λn
tm
m!
.
By substituting (1.3) into the above equation, since S2(m,n) = 0 if n > m, we get
∞∑
m=0
m∑
n=0
Dn,χ(λ, q)S2(m,n)
λn
tm
m!
=
(q − 1) (log λ+ log q)(
λdqd − 1
)
log q
∞∑
m=0
dm
d−1∑
j=0
(λq)j χ(j)Hm
(
j
d
;
1
λdqd
)
tm
m!
+
∞∑
m=0
mdm−1
q − 1
log q
d−1∑
j=0
(λq)j χ(j)Hm−1
(
j
d
;
1
λdqd
)
tm
m!
.
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Comparing the coefficients of t
m
m!
on both sides of the above equation, we arrive at the
following theorem:
Theorem 7.
m∑
n=0
Dn,χ(λ, q)S2(m,n)
λn
=
dm (q − 1) (log λ + log q)(
λdqd − 1
)
log q
d−1∑
j=0
(λq)j χ(j)Hm
(
j
d
;
1
λdqd
)
+mdm−1
q − 1
log q
d−1∑
j=0
(λq)j χ(j)Hm−1
(
j
d
;
1
λdqd
)
. (2.18)
If q → 1 in (2.18), we get the following corollary:
Corollary 5.
m∑
n=0
Dn,χ(λ, 1)S2(m,n)
λn
= mdm−1
d−1∑
j=0
λjχ(j)Hm−1
(
j
d
;
1
λd
)
.
3. Genearlized Apostol-Changhee numbers attached to Dirichlet
character χ
In this section, by using the fermionic p-adic integral on Zp, we construct generating func-
tions for the genearlized Apostol-Changhee numbers and polynomials attached to Dirichlet
character χ. We give relations between these numbers, the Apostol-Euler numbers and the
Stirling numbers. We also give bosonic integral represantation of these numbers. Firstly we
give some standart notations for the fermionic p-adic integral on Zp.
The fermionic p-adic Volkenborn integral on Zp is given by
∫
Zp
f (x) dµ
−1 (x) = lim
N→∞
pN−1∑
x=0
(−1)x f (x) (3.1)
where
µ1
(
x+ pNZp
)
=
(−1)x
pN
(cf. [25]).
Let f ∈ C1(Zp → K) and
Edf(x) = f(x+ d).
Kim [26] defined the following functional equation for the fermionic p-adic Volkenborn inte-
gral on Zp as follows:
∫
Zp
Edf (x) dµ
−1 (x)− (−1)
d
∫
Zp
f (x) dµ
−1 (x) = 2
d−1∑
j=0
(−1)d−1−jf(j), (3.2)
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where d is a positive integer. Substituting d = 1 into (3.2), we have∫
Zp
f (x+ 1) dµ
−1 (x) +
∫
Zp
f (x) dµ
−1 (x) = 2f(0)
(cf. [26]). By using (3.1), the Witt’s formula for the Euler numbers and polynomials are
given as follows, respectively ∫
Zp
xndµ
−1 (x) = En (3.3)
and ∫
Zp
(z + x)n dµ
−1 (x) = En(z) (3.4)
(cf. [25], [12]; see also the references cited in each of these earlier works).
Theorem 8. ∫
Zp
(
x
j
)
dµ
−1 (x) =
(−1)j
2j
. (3.5)
Theorem 8 was proved by Kim et al. [18].
In [27], Kim gave q-analoges of (3.2) as follows:
qd
∫
Zp
Edf (x) dµ
−q (x) +
∫
Zp
f (x) dµ
−q (x) = [2]
d−1∑
j=0
(−1)lqjf(j), (3.6)
where d is an positif odd integer.
Substituting (2.7) into (3.6), we get∫
Zp
λx(1 + λt)xχ(x)dµ
−q (x) =
[2]
(λq)d (1 + λt)d + 1
d−1∑
j=0
(−1)jχ(j) (λq)j (1 + λt)j. (3.7)
By using this equation, we define generating functions for the generalized Apostol-Changhee
type numbers and polynomials by means of the following generating functions, respectively:
FE(t;λ, q, χ) =
[2]
(λq)d (1 + λt)d + 1
d−1∑
j=0
(−1)jχ(j) (λq)j (1 + λt)j , (3.8)
FC(t;λ, q, χ) =
∞∑
n=0
Chn,χ(λ, q)
tn
n!
and
FE(t, z;λ, q, χ) = FE(t;λ, q, χ)(1 + λt)
z (3.9)
=
∞∑
n=0
Chn,χ(z;λ, q)
tn
n!
.
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We assume that |λt| < 1. Combining (3.8) with the above equation, we get
∞∑
n=0
Chn,χ(z;λ, q)
tn
n!
=
∞∑
n=0
(
z
n
)
λn
tn
n!
∞∑
n=0
Chn,χ(λ, q)
tn
n!
.
Therefore
∞∑
n=0
Chn,χ(z;λ, q)
tn
n!
=
n∑
j=0
(
n
j
)
λn−j(z)n−jChj,χ(λ, q)
tn
n!
.
Comparing the coefficients of t
m
m!
on both sides of the above equation, we arrive at the
following theorem:
Theorem 9. Let n ∈ N0. Then we have
Chn,χ(z;λ, q) =
n∑
j=0
(
n
j
)
λn−j(z)n−jChj,χ(λ, q).
Remark 2. If q → 1 and λ→ 1 and χ ≡ 1, then (3.9) reduces to
2
t+ 2
(1 + t)z =
∞∑
n=0
Chn(z)
tn
n!
(cf. [18], [28], [45]).
By using (3.7), we get the following result:
Theorem 10. Let n ∈ N0. Then we have
Chn,χ(λ, q) =
∫
Zp
λx+n(x)nχ(x)dµ−q (x) . (3.10)
By using (3.7), we derive the following functional equation:
FC(t, x;λ, q, χ) =
[2]
2
d−1∑
j=0
(−1)jχ(j) (λq)j FP1
(
d log (1 + λt) ,
j
d
; 1, (λq)d
)
Combining this equation with (1.5) and (3.8), we get
[2]
2
d−1∑
j=0
(−1)jχ(j) (λq)j
∞∑
n=0
dnEn
(
j
d
; (λq)d
)
(log (1 + λt))n
n!
=
∞∑
m=0
Cm,χ(λ, q)
tm
m!
.
Combining (1.7), we have
[2]
2
d−1∑
j=0
χ(j) (−λq)j
∞∑
n=0
dnEn
(
j
d
; (λq)d
) ∞∑
m=0
S1(m,n)
(λt)m
m!
=
∞∑
m=0
Cn,χ(λ, q)
tm
m!
.
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Comparing the coefficients of t
m
m!
on both sides of the above equation, since S1(m,n) = 0,
m < n, we arrive at the following theorem:
Theorem 11. Let m be a nonnegative integer. Then we have
Chm,χ(λ, q) =
d−1∑
j=0
(−q)jχ(j)
m∑
n=0
λj+ndnEn
(
j
d
; (λq)d
)
S1(m,n). (3.11)
By combining (3.11) with the following well-known formula for the generalized Euler num-
bers
Chn,χ(λ) = d
n
d−1∑
j=0
(−1)jλjχ(j)En
(
j
d
;λd
)
,
we arrive at the following result.
Corollary 6. Let m ∈ N0. Then we have
Chm,χ(λ, q) =
m∑
n=0
En,χ(qλ)S1(m,n). (3.12)
Substituting
λt = et − 1
into (3.8), we get
[2]
(λq)d edt + 1
d−1∑
j=0
(−1)jχ(j) (λq)j ejt =
∞∑
n=0
Chn,χ(λ, q)
(et − 1)
n
n!
. (3.13)
By substituting (1.3) into the above equation, since S2(m,n) = 0 if n > m, we get
∞∑
m=0
(
[2]
2
d−1∑
j=0
(−1)jχ(j) (λq)j dmEm
(
j
d
; (λq)d
))
tm
m!
=
∞∑
m=0
m∑
n=0
Chn,χ(λ, q)S2(m,n)
λn
tm
m!
.
Comparing the coefficients of t
m
m!
on both sides of the above equation, we arrive at the
following theorem:
Theorem 12.
[2]
2
d−1∑
j=0
(−1)jχ(j) (λq)j dmEm
(
j
d
; (λq)d
)
=
m∑
n=0
Chn,χ(λ, q)S2(m,n)
λn
or
Em, χ =
2
[2]
m∑
n=0
Chn,χ(λ, q)S2(m,n)
λn
.
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By combining (1.3) with (3.13), we get
∞∑
m=0
(
[2](
λdqd + 1
) d−1∑
j=0
(−1)jχ(j) (λq)j dmHm
(
j
d
;−
1
(λq)d
))
tm
m!
=
∞∑
m=0
m∑
n=0
Chn,χ(λ, q)S2(m,n)
λn
tm
m!
.
Comparing the coefficients of t
m
m!
on both sides of the above equation, we arrive at the
following theorem:
Theorem 13.
[2](
λdqd + 1
) d−1∑
j=0
(−1)jχ(j) (λq)j dmHm
(
j
d
;−
1
(λq)d
)
=
m∑
n=0
Chn,χ(λ, q)S2(m,n)
λn
.
Theorem 14. Let d be an odd integer. Let m be a positive integer. Then we have
Bm,χ(λ) = m
m−1∑
n=0
(−1)n
Chn,χ(−λ, q)S2(m,n)
λn
.
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